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MUKAI DUALITY FOR GERBES WITH CONNECTION
JONATHAN BLOCK AND CALDER DAENZER
Abstract. We study gerbes with connection over an e´tale stack via noncom-
mutative algebras of differential forms on a groupoid presenting the stack.
We then describe a dg-category of modules over any such algebra, which we
claim represents a dg-enhancement of the derived category of coherent analytic
sheaves on the gerbe in question.
This category can be used to phrase and prove Fourier-Mukai type dualities
between gerbes and other noncommutative spaces. As an application of the
theory, we show that a gerbe with flat connection on a torus is dual (in a
sense analogous to Fourier-Mukai duality or T-duality) to a noncommutative
holomorphic dual torus.
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2 JONATHAN BLOCK AND CALDER DAENZER
1. Introduction
Two varieties X and Y are Mukai dual when there is a sheaf P on X × Y which
induces an equivalence between bounded derived categories of coherent sheaves:
φP : D
b
Coh(X) −→ DbCoh(Y )
The functor φP takes a sheaf on X , pulls it back to a sheaf on X × Y , tensors
with P , then pushes forward to Y , all in a derived way. The basic example of
such an equivalence is that between a complex torus T = V/Λ and its dual T∨ :=
Hom(Λ, U(1)).
In several situations a space that one might expect to have a Mukai dual does
not have one. For example a principal torus bundle ought to have a dual obtained
by dualizing the fibers of trivialized coordinate patches. This procedure is not
compatible with the global structure of the bundle, however, and the attempt to
glue together a global dual object results not in a space but in a U(1)-gerbe over a
family of dual tori (see e.g. [DP],[Pol],[Dae]). Furthermore, once gerbes are brought
into the picture one is tempted to ask: what are the Mukai duals of a gerbe? In
general the dual to a gerbe, when it can be made sense of at all, is a noncommutative
space (in the sense of noncommutative geometry).
This motivates the following questions, whose answer is the purpose of this paper:
(1) What is the analogue of the bounded derived category for gerbes and non-
commutative spaces?
(2) Assuming the first question is answered, can an analogue of Mukai duality
be defined for gerbes and noncommutative spaces?
The general framework for answering these questions is the following. First we
present gerbes and noncommutative spaces with complex structure by a triple of
data
A = (A•, d, c) = (associative graded algebra, derivation, curving)
called a curved differential graded algebra (curved dga). We then form a dg-category
PA of modules over any such curved dga. The objects of PA are modules satisfying
finite projective type conditions which are a noncommutative version of being vec-
tor bundles, and they are equipped with an operator that encodes the holomorphic
data. This dg-category answers the first question in the strong sense that its homo-
topy category Ho(PA ) is a generalization to gerbes and noncommutative spaces of
the bounded derived category of coherent sheaves. Thus PA is a dg-enhancement
of the derived category, and is a useful theoretical tool even in the case of com-
plex manifolds. As for the second question, Mukai duality between gerbes and
noncommutative spaces is expressed as a quasi-equivalence between the associated
dg-categories.
Here is the theorem from the commutative world which backs the claim that PA
is a dg-enhancement of the derived category of coherent sheaves:
Let X be a compact complex manifold and let T 0,1X denote the antiholomor-
phic cotangent bundle of X . Then the complex structure on X is encoded in the
Dolbeault algebra A• = Γ∞(X ;∧•(T 0,1X )) together with its ∂-operator. The triple
A (X) := (A•, ∂, 0) forms a unital curved dga, and in this case the associated
dg-category PA (X) satisfies:
Theorem 1.1. [Bl1] The homotopy category of PA (X) is equivalent to the bounded
derived category of coherent analytic sheaves on X.
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Thus in this case objects of PA correspond to quasi-coherent complexes of an-
alytic sheaves, and the morphisms between any two such objects form a complex
that computes Ext groups.
The strategy of encoding geometric structures in a curved dga and phrasing
duality in terms of quasi-equivalences between associated dg-categories is developed
in [Bl1]. The curved dga of a holomorphic noncommutative torus is described
in [Bl2]. Thus the general framework is understood, and we have commutative
examples (the Dolbeault algebra of a complex manifold) as well as noncommutative
examples (the holomorphic noncommutative torus).
The remaining work which we complete here is first to define the curved dga
associated to a gerbe, and second, after noting that the resulting curved dga is
nonunital, to make the necessary modifications to PA for the nonunital case. The
construction of the curved dga involves a choice of a connection on the gerbe, but
we show that the curved dga is independent (in an appropriate sense) of this choice.
As an application of the theory we will be able to complete the proof begun in
[Bl2] that a holomorphic noncommutative torus is Mukai dual to a gerbe on a dual
torus. This fact is not unexpected; its analogue in formal complex geometry has
already been proved [BBP].
Before proceeding with general constructions, let us give the motivating example
for our construction of the curved dga associated to a gerbe on a manifold. This
example will also show how connections on gerbes come into play.
According to Giraud [Gir], the U(1)-gerbes on a paracompact space X are clas-
sified by degree two Cˇech cohomology with values in the sheaf of U(1)-valued
functions, H2(X ;U(1)). According to Dixmier and Douady [DD], H2(X ;U(1))
parameterizes the Morita equivalence classes of continuous trace C∗-algebras with
spectrum X . A groupoid called the Cˇech groupoid mediates between these two
classifications. Let us see how this works. Let {Ui} be a cover of X . The Cˇech
groupoid of the cover {Ui} is defined as follows:
Gˇ = (Gˇ1 ⇒ Gˇ0) := (
∐
〈i,j〉
Uij ⇒
∐
i
Ui)
where the source and target maps are the inclusions{
s : Uij →֒ Uj
t : Uij →֒ Ui.
Note that the space Gˇ2 of composable arrows is just
∐
Uijk. A degree two coho-
mology class on X can be presented as a Cˇech 2-cocycle σ :
∐
Uijk → U(1) for
some cover {Ui} of X , which is the same as a groupoid 2-cocycle σ : Gˇ2 → U(1)
(see Section 2). This data determines a groupoid extension U(1) ⋊σ Gˇ analogous
to the group extension determined by a group 2-cocycle, and this groupoid is a
presentation of the gerbe G (σ) associated to [σ] ∈ H2(X ;U(1)) in Giraud’s pro-
gram. We mean presentation in the sense that G (σ) is equivalent to the stack of
(U(1)⋊σ Gˇ)-torsors.
On the other hand, let Cc(Gˇ) denote the compactly supported complex valued
functions on the space Gˇ1 =
∐
Uij . Then σ determines an associative but noncom-
mutative multiplication.
(1.1) a ∗ b(x, i, k) :=
∑
j
a(x, i, j)b(x, j, k)σ(x, i, j, k)
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where a, b ∈ Cc(Gˇ) and (x, i1, . . . , in) denotes x ∈ Ui1,...,in ⊂ Gˇn. The resulting
algebra, called a twisted groupoid algebra, has an involution and a norm for which
it can be completed to a C∗-algebra [Ren]. This C∗-algebra is a continuous trace
algebras with spectrum X . The cohomology class [σ] ∈ H2(X ;U(1)) is recovered
as the Dixmier-Douady invariant of this C∗-algebra, and is a complete invariant of
its Morita equivalence class. Thus this algebra can be treated as a presentation of
a gerbe.
In this paper we are describing gerbe theoretic phenomena, but it will be nec-
essary to work with algebras. So we will use twisted groupoid algebras and think
of them as presentations of gerbes. This means, in particular, that stacks will not
appear explicitly. Instead, constructions will be at the presentation level and then
shown to be invariant under Morita equivalence.
Now suppose X is not just a paracompact space, but is a smooth complex man-
ifold, and suppose further that the 2-cocycle σ is a smooth function. Then to
describe complex structure on the associated gerbe over X we combine the ideas
of the twisted groupoid algebra (which presents a U(1)-gerbe) and the Dolbeault
algebra with ∂-operator (which encodes complex structure). We call the resulting
graded algebra a twisted Dolbeault algebra on X .
A• := Γ∞c (Gˇ, σ; t∗(∧•T 0,1Gˇ0 )).
This is the vector space of smooth compactly supported sections over Gˇ1 of the
pullback via the target map of the bundle ∧•T 0,1
Gˇ0
. The multiplication is twisted as
in Equation (1.1) except with wedge product in the fibers.
There is a problem, however. The ∂-operator from the complex structure on the
manifold Gˇ1 is not derivational with respect to the twisted multiplication. But after
a possible refinement of covers it is possible to find a (0, 1)-form θ on the manifold
Gˇ1 =
∐
Uij such that da(x, i, j) := ∂a(x, i, j)+θ(x, i, j)∧a(x, i, j) is a derivation for
the twisted multiplication. In general d has a curving. That is, there is a (0, 2)-form
B on Gˇ1 called the curving of the connection, such that d2a = [B, a]. The choice of
θ and B which restore the derivation and describes its curving is interpreted as a
choice of connection on the gerbe.
This data (A•, d, B) of a twisted Dolbeault algebra A•, a derivation d = ∂ + θ,
and its curving B, is the curved dga associated to a gerbe with ∂-connection on a
complex manifold X . It is this type of object (and generalizations thereof) whose
derived category we will describe, and whose Mukai partners we would like to
discover.
Here is an outline of the paper:
In Section 2 we formalize the notion of the twisted Dolbeault algebra associated
to a gerbe with ∂-connection on a complex manifold. As was remarked above, this
is based on an algebra of functions on the Cˇech groupoid of a cover of the manifold.
The construction works exactly the same for arbitrary complex e´tale groupoids, so
we develop the theory at that level of generality. In particular the construction is
valid for gerbes with connection on orbifolds. We also present a smooth version of
this, which we call the twisted de Rham algebra.
Next we want to describe the derived category of coherent sheaves on a gerbe with
∂-connection, or rather its dg-enhancement PA . There is an unavoidable problem,
however: the dg-category of modules PA over a curved dga was defined in [Bl1]
only for unital algebras, whereas groupoid algebras are nonunital (and adjoining
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a unit is a bad idea for several reasons). The difficulties this presents are in fact
rather severe. They are resolved in Sections 3-6, which comprise the technical heart
of the paper. The first three of these sections describe the appropriate fixes for a
general nonunital curved dga and its associated modules. Section 6 shows that the
twisted Dolbeault dga’s (and some other groupoid algebras) fit within the class of
nonunital algebras for which the fix works.
In Section 7 we address a hierarchy of equivalences between curved dga’s as they
apply to twisted Dolbeault and de Rham algebras. The strongest equivalence is an
isomorphism corresponding to gauge transformation of the connection. The second
level equivalence is a Morita equivalence that is induced by a Morita equivalence
between groupoids presenting a gerbe with connection; this one implies that the
twisted Dolbeault algebra over a groupoid G is a presentation of a (stack theo-
retic) gerbe with connective structure as in [Br]. The third and weakest form of
equivalence between two curved dga’s is a quasi-equivalence between the associated
dg-categories. This is taken as the definition of duality for curved dga’s, and when
applied to a twisted Dolbeault dga it should be interpreted as the noncommutative
analogue of Mukai duality.
In Section 8 we apply the theory to prove that a gerbe with flat ∂-connection on
a torus is dual to a holomorphic noncommutative dual torus. More precisely, we
show that given any gerbe with flat ∂-connection on a torus there is an associated
holomorphic noncommutative dual torus, and that there are curved dga’s corre-
sponding to both objects, and the associated dg-categories are quasi-equivalent.
Acknowledgments. C. Daenzer would like to thank Oren Ben-Bassat, Peter
Dalakov, Ralf Meyer, Marc Rieffel, and Jim Stasheff for help and discussion relat-
ing to this project. We would also like to thank the referee for numerous insightful
comments.
2. The curved dga corresponding to a gerbe with connection
The twisted Dolbeault algebra approach for presenting a gerbe with connection
that was outlined in the introduction can be generalized to present a gerbe with
connection on a complex e´tale groupoid. The input data is a complex e´tale groupoid
and a certain 2-cocycle in groupoid hypercohomology. The output is a twisted
version of the Dolbeault algebra with modified ∂-operator. There is also a smooth
version of this, which gives a twisted exterior algebra of differential forms and a
modified de Rham operator. In this section we describe these algebras in detail and
show that they can be endowed with the structure of a curved dga.
2.1. Cˇech cohomology of an e´tale groupoid. A smooth e´tale groupoid is a
(small) groupoid G = (G1 ⇒ G0) whose sets of objects and arrows are both smooth
manifolds, and all of whose structure maps are local diffeomorphisms. All e´tale
groupoids considered here will be smooth. The n-tuples of composable pairs in G
will be denoted Gn, though by abuse of notation G will mean both the groupoid
and the manifold G1 of arrows. The source and target maps are denoted by s and
t, and their extensions to Gn are
sn, tn : Gn −→ G0; sn(g1, . . . , gn) := s(gn); tn(g1, . . . , gn) := t(g1).
Let (G ⇒ G0) be an e´tale groupoid. A (left) G-sheaf is a sheaf F of abelian
groups on G0 (viewed as an e´tale space F ε→ G0) together with a map G×s,εF → F
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satisfying conditions analogous to a group action, that is, such that the two obvious
ways to get from G2 ×s,ε F to F agree. The sequence of abelian groups
Cn(G;F ) :=
{
{f ∈ Γ(Gn; t∗nF ) | f(g1, . . . , gn) = 0 if gi ∈ G0 for any i } n > 0
Γ(G0;F ) n = 0,
where Γ denotes smooth sections, forms a complex with the differential
δˇf(g1, . . . , gn+1) := g1 · f(g2, . . . , gn+1)
+
∑
i=1...n
(−1)if(g1, . . . , gigi+1, . . . , gn+1) + (−1)n+1f(g1, . . . , gn)
for f ∈ Cn(G;F ), n > 0, and
δˇf(g) := g · f(sg)− f(tg)
when f ∈ C0(G;F ).
The cohomology Hˇ(G;F ) of this complex will be called the Cˇech-groupoid co-
homology of G with coefficients in F . This is a generalization of Cˇech cohomology.
Indeed, if G is the Cˇech groupoid of a cover of some manifold, the Cˇech-groupoid
complex agrees with the classical Cˇech complex and computes classical Cˇech coho-
mology of F with respect to the cover. Just as the cohomology groups of a cover are
not equal to the sheaf cohomology of F unless the cover is “good” (or more gener-
ally F-acyclic), Cˇech-groupoid cohomology is not in general equal to the groupoid
(or stack) cohomology described in [MC] or [Beh] unless the groupoid is “good”
in an appropriate sense. One manifestation of this failure is that Cˇech-groupoid
cohomology is not invariant under Morita equivalence of groupoids (which is a gen-
eralization of refinement of a cover). Conditions under which a groupoid should be
deemed good are addressed in Section 7.4, but it is useful to allow all groupoids at
this time.
2.2. Cˇech-Deligne cohomology. To describe our presentation of a gerbe with
connection we use the Cˇech-groupoid (hyper)cohomology of the Deligne complex.
Definition 2.1. The nth−Deligne complex (D(n), dDel) is the complex of sheaves
of abelian groups
1→ U(1) dlog−→ 2π√−1A1 d
DR
−→ · · · d
DR
−→ 2π√−1An −→ 0
where Aq is the sheaf of differential q-forms, dDR is the de Rham differential, and
dlog(f) := f−1dDRf . In what follows, we are only using D(2), so we write D := D(2).
IfM
φ→ N is a map of smooth manifolds, then pullback of differential forms gives
a map D(φ) : DN → DM , thus for an e´tale groupoid G ⇒ G0, DG0 is naturally a G-
sheaf. Indeed, let x
γ→ y be an arrow in G. Using the local diffeomorphism property
of e´tale groupoids, one sees that γ induces a unique diffeomorphism (Ux, x)
γ˜→
(Uy, y) between small enough pointed neighborhoods of x and y. This, in turn,
induces the G-action
G ×s DG0 −→ DG0
γ · f := D(γ˜−1)(f) ∈ DG0,tγ for f ∈ DG0,sγ .
Furthermore, the Cˇech and Deligne differentials commute, so the groups
Cp,q(G;D) := Cp(G;Dq)
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form a double complex with differential Dp,q := dDel + (−1)q δˇ. The cohomology
Hˇ(G;D) := H(tot(C••(G;D)) will be called the Cˇech-Deligne cohomology of G.
Of primary interest are the Cˇech-Deligne 2-cocycles. Such a 2-cocycle on a
groupoid G is the data for what we call a gerbe with connection on G 1. It is
given by a triple
(2.1) (σ, θ, c) ∈ U(1)(G2)× 2π
√−1A1(G1)× 2π
√−1A2(G0)
satisfying
(2.2) δˇσ = 1; dlog σ = δˇθ; dDRθ = −δˇc.
Note that c is not necessarily dDR−closed.
2.3. The twisted de Rham algebra. Now we will describe the twisted de Rham
algebra associated to a Cˇech-Deligne 2-cocycle on an e´tale groupoid G. This algebra
will naturally be equipped with the structure of what is called a curved differential
graded algebra (dga).
Definition 2.2. A curved dga is a tripleA = (A•, d, c), whereA• is anN−graded,
unital, associative algebra over a field k, equipped with a degree one map
d : A• → A•+1
satisfying
(i) d(ab) = d(a)b + (−1)|a|ad(b)
(ii) d2(a) = [c, a]; c ∈ A2
(iii) dc = 0.
Condition (i) is the Leibnitz rule. We call the fixed element c ∈ A2 the curving
of the dga, and then condition (iii) is the requirement that c satisfy the Bianchi
identify. We write A for the degree zero component, A0, of the curved dga. If (iii)
is not satisfied, we will call the dga a really curved dga.
For the case when A is nonunital, there are two changes to be made. The first
is that the curving no longer lies in A2 but is instead in a multiplier algebra of
A2. The second is the introduction of some analysis, which is necessary to get
meaningful Morita equivalences between nonunital curved dga’s. These details will
be carefully addressed, but let us first get to the example of the twisted de Rham
dga.
Definition 2.3. Let (σ, θ, B) be a Cˇech-Deligne 2-cocycle on an e´tale groupoid
(G ⇒ G0) as in 2.1. The twisted de Rham dga associated to (σ, θ, B) is the
following (nonunital) really curved dga:
A (G, (σ, θ, B)) = (A•, d, c) := (Γ∞c (G, σ; t∗(∧•T ∗G0,C)), dDR + θ,B)(2.3)
The first piece, A•, is called the associated twisted de Rham algebra. As a
vector space, A• is the smooth compactly supported sections of the pullback via t
of the complexified de Rham algebra over G0. A• has multiplication given by σ-
twisted convolution on the groupoid and wedge product in the coefficients, and it is
equipped with a derivation that is the de Rham differential modified by θ, and this
derivation has curving B. More explicitly, we have, for f, g ∈ A• and γ, η, τ ∈ G:
1It would be more accurate to call this the data for a presentation of a gerbe with connection
on the stack BG associated to G, but we prefer to avoid that cumbersome terminology for the
moment. To avoid confusion, we will refer to the gerbes defined in [Gir] (of which our gerbes are
presentations) as stack theoretic gerbes.
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(1) Multiplication: f ∗ g(γ) :=∑ητ=γ σ(η, τ)f(η) ∧ η · g(τ)
(2) Derivation: df(γ) := (dDRf)(γ) + θ(γ) ∧ f(γ)
(3) Curving: d2f = d(dDRf + θ ∧ f)
= (dDR)2f + dDRθ ∧ f − θ ∧ dDRf + θ ∧ θ ∧ f + θ ∧ dDRf
= dDRθ ∧ f.
In fact A• is a ∗-algebra, with the
(4) Involution: f∗(γ) := σ(γ−1, γ)−1γ · f(γ−1).
Proposition 2.4. The twisted de Rham dga is a (nonunital ) really curved dga. It
is a curved (but not really curved ) dga precisely when dDRB = 0.
Proof. One checks the following facts directly.
(1) The multiplication is associative if and only if δˇσ = 1, so A• is indeed an
associative algebra.
(2) d is a derivation (i.e. satisfies Leibnitz) for this multiplication if and only
if dlog σ = δˇθ,
(3) The curving, d2f = dDRθ∧f is equal to −δˇB∧f exactly when dDRθ = −δˇB,
and by definition of multiplication, −δˇB ∧ f = B ∗ f − f ∗B =: [B, f ].
So a Cˇech-Deligne 2-cocycle was exactly what we needed. 
Note that this algebra is nonunital since it is based on functions with compact
support. Note also that the curving B is a smooth 2-form on G (whose support is
in G0 ⊂ G) which is not compactly supported, thus B lies in the multiplier algebra
of A•.
2.4. The twisted Dolbeault algebra. If G is a complex e´tale groupoid, meaning
that G is complex manifold and all structure maps are locally biholomorphisms, then
instead of using the smooth Deligne complex we can use the truncated Dolbeault
complex
(D, dDol) := 1→ C∗ ∂ log−→ A0,1 ∂−→ A0,2 → 0.
Here Ap,q is the sheaf of differential (p, q)-forms, ∂ is the Dolbeault differential, and
∂ log f := f−1∂f . A 2-cocycle in the groupoid cohomology of this complex,
(2.4) (σ, θ, B) ∈ C∗(G2)×A0,1(G1)×A0,2(G0),
is the data for what we call a gerbe with ∂-connection on G.
Definition 2.5. Just as in the smooth case, one forms a really curved dga, which
we call the twisted Dolbeault dga associated to (σ, θ, B).
A (G, (σ, θ, B)) = (A•, d, c) := (Γ∞c (G, σ; t∗(∧•T 0,1G0 )), ∂ + θ,B)(2.5)
A• is called the twisted Dolbeault algebra. It is the space of smooth com-
pactly supported sections of the Dolbeault algebra, with twisted multiplication
as in the de Rham algebra situation. The derivation d is given by df(γ) :=
∂f(γ) + θ(γ) ∧ f(γ). The twisted Dolbeault algebra also has an involution, de-
fined just as in the de Rham case.
The interesting thing here is that the curving B need not be dDR−closed for the
twisted Dolbeault dga to be a curved (but not really curved) dga. Instead B only
needs to be ∂-closed, that is holomorphic.
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Proposition 2.6. The twisted Dolbeault dga is a (nonunital ) really curved dga. It
forms a curved (but not really curved ) dga if and only if ∂B = 0.
Proof. The proof is the same as the proof of Proposition 2.4. 
3. Bornological algebra
Having constructed nonunital curved dga’s associated to gerbes with connection
(that is, the twisted de Rham and Dolbeault dga’s), we want to describe modules
over them and Morita equivalences between them. This is the first step towards
the construction of the dg-category PA over a nonunital curved dga, which is our
main tool for describing dualities. In this section we begin the project by describing
modules and Morita equivalences for arbitrary nonunital algebras.
Some analysis is necessary to describe Morita equivalences between nonunital
algebras. This is because Morita equivalence bi-modules for nonunital algebras
are non-finitely generated (see e.g. Proposition 4.6), which necessitates the use of
completed tensor products.
We will use bornological analysis as opposed to topological analysis. Roughly
speaking, this means that we shift emphasis from open sets and continuous maps
to bounded (borne´e in French) sets and bounded maps. The category of bornolog-
ical vector spaces (or more generally bornological A-modules) has been found to
be the correct framework for homological algebra in the functional analytic context
[H],[M1], [M2], due to the fact that this category is complete and cocomplete and
because there is a tensor product which is adjoint to a certain internal hom. Fur-
ther, many algebras arising in noncommutative geometry, for example the smooth
compactly supported convolution algebra of a Lie groupoid, have nice properties
when viewed as bornological spaces.
We begin with a brief review of bornological analysis. Here is a short list of
references for the reader who is interested in more detail: a history of the study of
bornological spaces, as well as proofs of many of the basic results in the field, can
be found in [HN1] and [HN2]; several important results about bornological algebras
are proven in [H]; homological algebra relative to bornological spaces is developed
in the work of Meyer, for example in [M1] and [M2].
3.1. Definitions for bornological analysis. A bornology on a set X is a collec-
tion B of subsets of X that contains the singletons and is closed under taking finite
unions and subsets. The elements of B are called the bounded subsets. Let k be
the real or complex numbers. A k-vector space equipped with a bornology which is
closed under homothetie and finite sums is called a bornological k-vector space.
A subset S ⊂ V is called circled if λv ∈ S whenever v ∈ S, λ ∈ k and |λ| ≤ 1. The
circled convex hull S◦ of any subset S is by definition
S◦ := {λ · (tv + (1− t)w) | λ ∈ k, |λ| ≤ 1, t ∈ [0, 1], v, w ∈ S}
A bornology is called convex if for every bounded set S ∈ B, we have S◦ ∈ B as
well. If S ∈ B is already circled and convex, it is called a disc.
The linear span VS of a disc S has a unique semi-norm whose unit ball is S; S
is called norming if this semi-norm is a norm, and completant if VS is complete
with respect to this norm. When S is a completant disc, VS is a Banach space
and is in particular Hausdorff. Call V a complete bornological vector space
(complete bvs) if every bounded set is contained in a bounded completant disc.
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Note that the bornology of a complete bvs V is generated by the directed set Bc of
completant discs, and we may in fact identify V with the inductive limit of Banach
spaces
V ≃ lim
S∈Bc
VS .
The notions of convergence, Cauchyness, etc... of a net {xα} can be defined within
bornology, and for a complete bvs these are equivalent to the usual notions, taken
in any Banach space VS ⊂ V in which the net will eventually be confined. In
particular the closure of any set is defined.
A linear map between two bornological spaces V and W is called bounded if
it sends bounded sets to bounded sets. Hom(V,W ) has a natural bornology called
the equibounded bornology, whose bounded subsets are those S ⊂ Hom(V,W )
such that S(U) is bounded in W for all bounded U ⊂ V . We write L(V,W ) for this
bornological vector space. It can be shown that L(V,W ) is convex (resp. complete)
whenever W is convex (resp. complete).
The complete tensor product of two complete bvs’s V and W is a complete
bvs V⊗W equipped with a bounded map V × W → V⊗W which induces an
isomorphism LBilinear(V ×W,X) ≃ L(V ⊗W,X) for all X, which is universal in
the appropriate sense. It follows from this definition that
L(V ⊗W,X) ≃ L(V,L(W,X)).
The space V⊗W always exists (see [HN2]). It is realized concretely as the inductive
limit V⊗W ≃ limVS ⊗π WT where S and T run over the respective directed sets
of bounded complete discs in V and W , and ⊗π is the projective tensor product of
Banach spaces. Let S and T be bounded discs in V and W and let S⊗T denote
the smallest complete disc in VS ⊗π WT containing the set { s⊗t|s ∈ S, t ∈ T }.
Such sets form a basis for the bornology of V⊗W .
We write Bor for the category of bornological k-linear spaces with hom sets
Hom(V,W ) := L(V,W ).
3.2. Examples of bornological spaces. There are two natural convex bornolo-
gies that one can attach to a locally convex topological vector space. The first is
the von Neumann bornology, whose bounded sets are those absorbed by each
neighborhood of the origin, and the second is the precompact bornology, whose
bounded sets are those which can be covered by a finite union of translates of
any neighborhood of the origin. These bornologies are both complete when the
topological vector space is complete.
Any vector space admits the fine bornology, whose bounded sets are those con-
tained in the circled convex hull of some finite set of points. This is the smallest
convex bornology since it is generated by the circled convex hulls of one point sets,
and thus every linear map from a fine space is bounded. Also the tensor product
of two spaces, one of which is fine, agrees with the algebraic tensor product. In
particular, endowing a vector space with the fine bornology gives a fully faithful
functor
Vector spaces
fine−→ Bor
that respects tensor products. A fine space is complete, and if it happens to be
an algebra then it is a complete bornological algebra since the multiplication is
automatically bounded.
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An important example of a complete bornological vector space (which has some
unpleasant properties as a topological vector space) is the space of smooth com-
pactly supported functions on a noncompact manifold. The bornology is given as
follows. Let {Kn} be an increasing sequence of compact sets exhausting a manifold
M . Then we can write
(3.1) C∞c (M) = lim
n→∞
C∞Kn(M)
where C∞Kn(M) is the Fre´chet space of C
∞ functions on M with support in Kn.
Thus C∞c (M) a Limit of Fre´chet space (LF-space). By definition an LF-space
is a locally convex topological vector space which is a countable union V = ∪Vn
of increasing subspaces which are Fre´chet for the subspace topology and for which
the topology on V is the finest locally convex topology allowing the inclusions
Vn →֒ V to be continuous. One can verify that each bounded set in the von
Neumann or precompact bornology on an LF space is contained in one of the
(complete) subspaces Vn (see [Tr] Chapter 14-15); this implies that these bornologies
are complete.
3.3. Bornological algebras and modules. A bornological algebra is a bornolog-
ical vector space with an associative, bounded multiplication. A bornological
A-module is a bornological space with a bounded action of A.
The vector space of bounded A-linear maps between two A-modules has a nat-
ural bornology, the equibounded bornology, in which a collection of maps S ⊂
HomA(M,N) is bounded if for every bounded set U ⊂ M , S(U) is bounded in
N . We denote this bornological space LA(M,N) and note that it is convex (resp.
complete) whenever N is convex (resp. complete).
The A-balanced tensor product of a right module M and left module N ,
when A,M , and N are complete, is the cokernel of the map
M⊗A⊗N →M⊗N ; m⊗a⊗n 7→ ma⊗n−m⊗an
where cokernel is defined as the range modulo the closure of the image. We write
M⊗AN for this (complete) space.
Example 3.1. [M1] Suppose an LF-space A has an associative multiplication that
is separately continuous. Separate continuity on a Fre´chet space implies joint con-
tinuity so the multiplication is jointly continuous when restricted to Fre´chet sub-
spaces. But a bounded set in A×A for the von Neumann or precompact bornology is
contained in a Fre´chet subspace, so multiplication is jointly continuous on bounded
sets and therefore bounded. Thus an LF space with associative separately contin-
uous multiplication, called an LF algebra, is a complete bornological algebra for
the precompact and von Neumann bornologies.
From now on all bornological spaces, including bornological algebras
and modules, will be complete unless otherwise stated.
Let us set A+ =
{
the unitalization of A, when A is nonunital.
A, when A is unital.
The unitalization is A⊕k as a bornological vector space, and its elements will be
written {(a, λ) | a ∈ A, λ ∈ k}.
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We now recall two properties, quasi-unitality and multiplicative convexity,
that a bornological algebra should have in order for its module categories to be well
behaved.
Definition 3.2. [M2] A bornological algebra A has an approximate identity if
for any bounded subset S ⊂ A there is a sequence {µn} ⊂ A (depending on S) such
that µnx and xµn converge uniformly to x for x ∈ S. (That means uniformly in a
Banach space AT , where T is any bounded complete disc containing S.) An algebra
is said to be quasi-unital if it has an approximate identity and if furthermore there
are left and right A+ module maps
A→ A+⊗A and A→ A⊗A+
which are sections of the multiplication maps. (A left or right section exists if and
only if A is projective (see below) as a left or right A+−module.)
In practice there may be a sequence {µn} as in the previous definition which
does not depend on the bounded subset S. In this case we will say {µn} is an
approximate identity for A. Then sequences which do depend on S might aptly be
called local approximate identities, though we will not need the terminology.
One reason quasi-unitality is important is that if an algebra A is quasi-unital
and M is any A-module, then the natural map M⊗AA → M is injective ([M2]
Lemma 15), so that there are plenty of A-modules satisfying M⊗AA ≃M .
We write MA for the image of M⊗AA→M .
Definition 3.3. A bornological algebra is called multiplicatively convex (an-
other name in use is locally multiplicative) when each bounded set is absorbed by a
bounded disc that is closed under multiplication. Equivalently, A is multiplicatively
convex if the spectral radius of every bounded set is finite. The spectral radius
rad(S) of a bounded set S is the smallest number t such that the multiplicative
closure
⋃
n≥1(t
−1S)n of t−1S is bounded, or infinity if no such t exists.
Here are two lemmas concerning multiplicative convexity for bornologies associ-
ated to LF-algebras. They will be used in Section 6.
Lemma 3.4. ([Pus] Lemma 1.13) Let A be a Fre´chet algebra. Then the following
are equivalent:
(1) There exists a neighborhood U of 0 (called a small neighborhood ) such
that each compact subset of U has precompact multiplicative closure.
(2) Each null sequence in A has an end with precompact multiplicative closure.
Such Fre´chet algebras are called admissible.
Lemma 3.5. Let A = limAi be an LF-algebra for which each Fre´chet algebra Ai
is admissible. Then A is multiplicatively convex for the precompact bornology.
Proof. First, for metric spaces (in particular Fre´chets) a set is precompact if and
only if it is covered by finitely many translates of any neighborhood of the origin.
So let S be a bounded set in A. Then S is actually a precompact subset of some
Ai. Let U be a small neighborhood of the origin in Ai. Since S is precompact it is
covered by finitely many translates of U . We may assume U is a ball Br centered
at the origin of radius r with respect to some translation invariant metric ρ on Ai.
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We claim there is a λ ∈ R such that λU actually contains S. This follows because
if y ∈ Br and x ∈ Ai, we have
ρ(0, x+ y) = ρ(−x, y) ≤ ρ(−x, 0) + ρ(0, y)
which implies
x+Br ⊂ B(ρ(0,x)+r).
But then λ−1S is contained in U and thus has precompact multiplicative closure
since U is small. Thus S has finite spectral radius. 
3.4. Relative homological algebra. Let A denote a unital bornological algebra
and write Mod(A) for the category of bornological right A-modules. Call a sequence
(3.2) 0 −→ L −→M −→ N −→ 0
in Mod(A) exact if it is algebraically exact and has a bounded k-linear splitting.
Then a module P is said to be projective if the functor LA(P, · ) takes exact
sequences in Mod(A) to exact sequences in Bor. P is projective if and only if it is
a direct summand of a (relatively) free module, that is a module of the form
Free(V ) := A⊗V for some V ∈ Bor. We say relatively free because the functor Free
is left adjoint to the forgetful functor
Forget : Mod(A) −→ Bor,
as opposed to the usual forgetful functor to vector spaces. Mod(A) is not in general
an Abelian category but it still has enough nice properties:
Proposition 3.6. [M2] Mod(A) with the class of exact sequences of the form (3.2)
is a Quillen exact category. This category is complete and cocomplete and has
enough injectives and enough projectives.
This means that as long as we work relative to Bor, most of the tools of homo-
logical algebra are still available.
When A is nonunital, define Mod(A) := Mod(A+). This is consistent notation
because every action of A extends uniquely to a unital action of A+. We may use
the notations LA and LA+ as well as ⊗A and ⊗A+ interchangeably.
It should be noted however, that the free modules in Mod(A) are of the form
A+⊗V . In particular A = A⊗k is not a free A-module when A is nonunital, since
LA(A⊗k, A) and HomBor(k, A) ≃ A are not isomorphic (the first one is unital and
the second is not). Thus one should remember that the terms finitely generated,
projective and free are defined in Mod(A+). Those modules M over a quasi-unital
algebra A that satisfy M⊗AA ≃M are called essential or non-degenerate mod-
ules.
Now we have the terminology to define a Morita equivalence bimodule for nonuni-
tal algebras.
Definition 3.7. Let A and B be quasi-unital bornological algebras. Then an
essential (A−B)−bimodule X is a Morita equivalence bimodule if there is an
essential projective (B−A)−bimodule Y and bornological isomorphisms
A ≃ X⊗BY and B ≃ Y⊗AX.
Lemma 3.8. Suppose that X is a Morita equivalence A − B bimodule and let Y
be a dual Morita equivalence bimodule. Then Y ≃ BX∨, where X∨ := LA(X,A).
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Proof. First, the assumptions imply LA(X,A) ∼= LB(Y⊗AX,Y⊗AA) ∼= LB(B, Y ).
The right hand side is called the roughening of Y in [M2], and it is shown there (The-
orem 22) that the essentialization of the roughening is the essentialization, that is,
B⊗BLB(B, Y ) ∼= B⊗BY . By assumption, B⊗BY ∼= Y , so we have the desired
result. 
Proposition 3.9. Suppose two bornological algebras A and B are Morita equiva-
lent, then if B is multiplicatively convex, so is A.
Proof. Let X be a Morita equivalence A−B-bimodule with dual bimodule Y . By
Lemma 3.8, we may assume the dual bimodule is Y ≃ B⊗BX∨ where X∨ :=
LA(X,A). Thus X⊗BX∨ ≃ X⊗BB⊗BX∨ ≃ A and the multiplication in A ≃
X⊗BX∨ is x1⊗φ1 ◦ x2⊗φ2 := x1φ1(x2)⊗φ2.
We will show that every bounded subset of X⊗BX∨ has finite spectral radius.
Indeed, since X⊗BX∨ has the quotient bornology from X⊗kX∨, every bounded
subset is contained in the image in X⊗BX∨ of a set of the form S⊗kT∨ where
S is a bounded subset of X and T is bounded in the equibounded bornology of
X∨. But one can check that (S⊗BT∨)n ⊂ S(T∨(S))n−1⊗BT∨, which implies
rad(S⊗BT∨) ≤ rad(T∨(S)) <∞. 
Note that whenever X is finitely generated, the bornological tensor product
equals the algebraic one, so we are reduced in the unital case to previous definitions
which make no mention of bornology.
4. Homotopy nuclear modules
In this section we solve the following problems: What is a useful notion of a
finitely generated projective module over a nonunital algebra? And if there are
useful “finite projective” type conditions for modules over nonunital algebras, are
these conditions preserved under Morita equivalence?
Here are two reasons that these are not trivial problems:
(1) In general Morita equivalence bimodules are non-finitely generated, so there
is no obvious reason that they should take finitely generated objects to
finitely generated objects.
(2) The truly “noncompact” algebras (those which are not Morita equivalent
to any unital algebra) may have no essential finitely generated projective
modules at all (see Proposition 4.6). So the classical notion is not a useful
notion.
First we will provide an answer that works for algebras which are Morita equiv-
alent to unital ones. Then, adapting an idea of Quillen’s (see Subsection 4.2), we
proceed with a solution which works for the “noncompact” algebras.
4.1. Finite modules and Morita equivalence.
Definition 4.1. Call a module over a quasi-unital algebra finite if it is finitely
generated, projective and essential.
We will show that a Morita equivalence bimodule takes finite modules to finite
modules. It is easy to see that a Morita (A−B)-bimodule X induces an equivalence
between the categories of essential A-modules and essential B-modules, this is just
because X is itself essential. Also, it is not hard to show that under this equivalence
projectives are taken to projectives. As remarked above, however, it is not obvious
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that the finite modules are taken to finite modules under this equivalence, since X
itself is not finitely generated. Nonetheless, arguments using nuclearity will show
that it is true.
Definition 4.2. Let M and N be modules over a unital bornological algebra B,
and let A be an ideal in B. A map f ∈ LB(M,N) is called A-nuclear (or simply
nuclear when A = B) if it lies in the image of the natural map
(4.1) N ⊗B LB(M,A) −→ LB(M,N); (n⊗ φ)(m) := n · φ(m)
The following nontrivial proposition characterizes finitely generated projective
modules over a bornological algebra A in terms of nuclearity. The conditions that
A be complete and multiplicatively convex are indispensable.
Proposition 4.3. [H] Let A be a multiplicatively convex unital bornological algebra
and M an A-module. Then M is finitely generated and projective if and only if
1M ∈ LA(M,M) is nuclear.

Note that even though the above proposition is for unital algebras, it also applies
in the nonunital case because we have defined an A-module to be a module over
the unitalization of A.
Proposition 4.4. A Morita equivalence A−B bimodule X takes finite modules to
finite modules.
Proof. Let M be a finite A-module. Since X is an essential B-module, so is
M⊗AX =: N . Now examine the following commutative diagram
M⊗AX⊗BY⊗ALA(M,A+) //

M⊗ALA(M,A+) // LA(M,M)

N⊗BY⊗ALB(N,A+⊗AX) // N⊗BLB(N,B) // LB(N,N)
where the vertical maps are induced from ⊗AX , the upper left map is induced
from the map M⊗A(X⊗BY ) ≃ M⊗AA → M , and the lower left map is induced
from the natural map Y⊗ALB(N,A+⊗A X)→ LB(N, Y⊗AA+⊗AX) = LB(N,B).
The upper left map is an isomorphism by essentialness ofM and the upper right
map is an isomorphism since M is finitely generated and projective. But then the
identity map idN ∈ LB(N,N) is the image of an element from the upper left corner.
But then by commutativity of the diagram, idN factors through N⊗BLB(N,B).
By Proposition 4.3, N =M⊗AX is a finitely generated projective B+-module. 
Remark 4.5. In the proof above we used the fact that since N is an essential B-
module,
LB(N,B) = LB(N,B+).
To see that every φ ∈ LB(N,B+) indeed has its image in B, let µ : N⊗BB → N
denote the B-action, and note that φ factors as follows:
N⊗BB φ⊗I // B+⊗BB

N
φ //
µ−1
OO
B+.
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Since the multiplication map B+⊗B → B+ has image in B, so does φ.
If an algebra is unital, then the condition of essentialness is automatically sat-
isfied, so in this case a finite module is just a finitely generated projective module.
Thus Proposition 4.4 shows that for any algebra which is Morita equivalent to a
unital algebra, the finite modules are the correct replacement for finitely generated
projectives.
On the other hand, for algebras that are not Morita equivalent to a unital algebra,
there may be no finite modules at all. Indeed,
Proposition 4.6. Let A be a nonunital algebra and let X be a finitely generated
projective essential module such that the evaluation map
X⊗LA(X,A) −→ A
is surjective. Then X induces a Morita equivalence between A and the unital algebra
LA(X,X).
Proof. Let X∨ := LA(X,A) and define B := LA(X,X). Here A acts on the right of
X . We claim that the pair (X∨, X) is a Morita equivalence. Indeed, B ≃ X⊗AX∨
since X is finitely generated and projective. By hypothesis the evaluation map
X∨⊗X → A is surjective. The evaluation descends to a map X∨⊗BX → A, and
this map can be checked directly to be injective because X and X∨ are cyclic for
B (that is, for any nonzero x ∈ X and ξ ∈ X∨ we have X = B ·x and X∨ = ξ ·B).
Thus X∨⊗BX ≃ A. 
Thus for example ifM is a noncompact manifold, then C∞c (M) admits no finitely
generated projective essential modules. Indeed, such a module would correspond
to a vector bundle and would satisfy the hypotheses of the above proposition, thus
inducing a Morita equivalence between C∞c (M) and a unital algebra. But no such
Morita equivalence can exist because a multiplicatively convex unital algebra has
compact spectrum, whereas M is noncompact.
Next we describe a weaker version of finiteness that will work whether an algebra
is Morita equivalent to a unital algebra or not.
4.2. Quillen’s Method.
Definition 4.7. Let A be a quasi-unital bornological algebra. A homotopy-
finite complex (or h-finite complex) is a complexM of bornological A-modules
that is both homotopy equivalent to its essentialization M⊗AA, and homotopy
equivalent to some complex of finitely generated projective A-modules. (Remember
this means finitely generated projective as an A+-module.) All chain complexes
are assumed to be bounded in grading degree unless otherwise stated.
The class of algebraic h-finite complexes was introduced by Quillen [Q], and by
characterizing algebraic h-finiteness in terms of nuclearity, this class was shown to
be stable under Morita equivalence. We will work out the necessary modifications
for the bornological setting.
First, though, let us point out that there are plenty of h-finite complexes.
Example 4.8. Let P be an A-module, and define
P ♯ := (P/PA)⊗
k
A+.
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Consider the diagram
P // P/PA

P ♯ // P ♯/P ♯A
where the vertical arrow is the canonical isomorphism. If P is finitely generated
and projective, this can be filled in to a commutative diagram with a map
φ : P −→ P ♯.
Inverting the vertical map, we can get an analogous commutative diagram filled in
by a map ψ : P ♯ −→ P . Then E := (P φ→ P ♯) is an h-finite complex. Indeed, E is
made of finitely generated projective A+-modules, and furthermore, the inclusion
EA →֒ E is checked to have homotopy inverse given by
f := idE − [φ, ψ] : E → EA,
so E is homotopy equivalent to its essentialization.
Thus every finitely generated projective module determines an h-finite complex.
This example applied to the commutative setting is interpreted as follows. Sup-
pose that A is the algebra of smooth compactly supported functions on a noncom-
pact manifold M. Then P corresponds to a rank r vector bundle on M and P ♯
corresponds to the trivial rank r bundle. The map P −→ P ♯, corresponds to a map
of vector bundles, which is an isomorphism at infinity. In other words, P −→ P ♯ is
a bundle with a fixed trivialization in a neighborhood of infinity.
Definition 4.9. Given two chain complexes M•, N• ∈ Ch(B), the graded maps
form a complex of bornological spaces LB•(M,N) with differential
d(h) = dN ◦ h− (−1)ih ◦ dM , h ∈ LBi(M,N).
If A is an ideal in B, the A-nuclear maps (from M• to N•) are defined as the
image of the morphism
(4.2) N• ⊗B L•B(M,A) −→ L•B(M,N); (n⊗ φ)(m) := n · φ(m).
Those maps coming from the algebraic tensor product are called algebraically
nuclear.
A morphism of complexes is A-nuclear exactly when its graded components are.
Definition 4.10. A morphism f ∈ LBk(M,N) is called homotopy-A-nuclear
when it is homotopic to an A-nuclear map, that is, when there exists an h ∈
LBk−1(M,N) and an A-nuclear g satisfying f − g = d(h).
The following two propositions are generalizations to the bornological setting of
Propositions 1.1 and Lemma 2.1 of [Q]. These will be used to characterize h-finite
complexes in terms of homotopy nuclearity.
Proposition 4.11. Let B be a unital multiplicatively convex bornological algebra.
For a complex M• ∈ Ch(B), the following are equivalent.
(1) M• is homotopy equivalent to a complex of finitely generated projective
B−modules.
(2) M•⊗BLB•(M,B) −→ LB•(M,M) is a homotopy equivalence.
(3) idM ∈ LB•(M,M) is homotopy equivalent to a nuclear map.
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(4) idM ∈ LB•(M,M) is homotopy equivalent to an algebraically nuclear map.
(5) There is a finite complex of finitely generated projective modules T and
chain maps M
f→ T g→M such that gf is homotopic to idM .
Proof. (1)⇒(2)⇒(3). Clear.
(3)⇒(4). Suppose
idM − f = d(h), for f ∈M⊗BLB(M,B) and h ∈ LB(M,M).
We may assume f and h are homogeneous of degrees 0 and −1 respectively. Houzel
([H]) points out that every f ∈M⊗BLB(M,B) can be written as
f =
∑
λnxn⊗φn
where {xn} ⊂ M and {φn} ⊂ LB(M,B) are sequences converging to zero and
{λn} ∈ ℓ1(k), and that consequently f may be written
f = ε+ F
where F is of finite rank (i.e. is algebraically nuclear) and ε is so small that idM −ε
is invertible. Here we know that the sum
∑
εn converges because M⊗BLB(M,B)
is Morita equivalent to B and is therefore multiplicatively convex by 3.9. Let
φ := (idM − ε)−1. Then we have
idM − φF = φ · (idM − ε− F ) = φ · (idM − f) = φd(h) = d(φh) − d(φ)h
so
idM − {φF − d(φ)h} = d(φh),
meaning that the identity is homotopic to φF − d(φ)h. We claim that φF − d(φ)h
is actually of finite rank. First note that a composition of maps is finite rank if one
of the maps is, so in particular φF is finite rank. But also d(φ) and thus d(φ)h is
finite rank. To see this, note that
0 = d2(h) = d(idM − f) = d(φ−1 − F )
so that d(φ−1) = d(F ). Then d(F ) = d(
∑
n=1...N λnxn⊗φn) is clearly finite rank.
Finally, d(φ) is a composition with one factor being finite rank: d(φ) = φd(φ−1)φ, so
d(φ) is finite rank. Thus homotopy nuclear implies algebraically homotopy nuclear,
as desired.
(4)⇒(5). The f and g and the homotopy h making idM − d(h) = gf that are
constructed in Proposition 1.1 of [Q] are obviously bounded maps, therefore apply
to the bornological setting.
(5)⇒(1). Proposition (3.2) of [Ran] shows this result algebraically by construct-
ing a new complex T ′ out of finite sums of shifts of T , and new chain maps
M
f ′→ T ′ g
′
→M,
and a graded map
T ′•
h′→ T ′•−1
satisfying
(i) g′f ′ = gf = idM − d(h)
(ii) f ′g′ = 1T ′ − d(h′).
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The three maps f ′, g′ and h′ are finite sums of finite compositions of shifts of f , g
and h. Thus M is homotopy equivalent to the finite complex of finitely generated
projectives T ′, as desired, and since f , g, and h are bounded maps so are f ′, g′ and
h′. 
Proposition 4.12. Let A be a quasi-unital ideal in a unital bornological algebra
B. Then for a complex M of projective B-modules, the following are equivalent.
(1) M•⊗BA −→M• is a homotopy equivalence.
(2) idM ∈ LB•(M,M) is homotopic to a map with image in MA.
Proof. Suppose (1) holds, then choose a homotopy inverse f for the inclusionMA ≃
M⊗BA →֒ M . By definition there is an h such that idM − f = d(h), so (2) is
true. Now suppose (2) is true. Choose an f with image in MA and an h so that
idM − f = d(h) holds. Then f is a homotopy inverse for the inclusion of (1).
One need only note that since h is A-linear it takes MA into itself and thus is a
homotopy operator for MA as well as for M . 
Corollary 4.13. Let A be a quasi-unital multiplicatively convex algebra, then a
complex M• ∈ Ch(A) is h-finite if and only if the identity map idM ∈ LA•(M,M)
is homotopic to an A-nuclear map.
Proof. This is essentially the same as the proof of Theorem 2.4 of ([Q]). Suppose
idM is homotopy-nuclear. Then by Proposition 4.11M is homotopy equivalent to a
finite projective complex, and by Proposition 4.12M is homotopy-essential, thusM
is h-finite. Conversely, suppose M is h-finite. Then in the following commutative
square of canonical maps
M•⊗AA⊗ALA•(M,A+) //

M•⊗ALA•(M,A+)

M•⊗ALA•(M,A) // LA•(M,M)
the top map is a homotopy equivalence since M is homotopy essential, and the
right map is a homotopy equivalence by Proposition 4.11. But then the lower left
route is a homotopy equivalence too, and in particular idM is homotopic to a map
coming from M⊗ALA(M,A). 
Write hFin(A) for the category whose objects are h-finite complexes of A-
modules and whose morphisms from M to N are L•(M,N). This category is
enriched in chain complexes of bornological vector spaces, so it is a dg-category
with an extra bornological bit, which we call a dgb-category. A functor between
dgb-categories will mean for us a dgb-enriched functor, that is a functor whose
maps on hom sets are dgb-morphisms.
Let Ho(h-Fin(A)) be the category with the same objects as h-Fin(A) and with
morphisms Hom(M,N) := H0(LA•(M,N)). A functor F : C → D of dgb-categories
is called a quasi-equivalence if
(i) For all M,N ∈ C, FM,N : HomC(M,N) → HomD(FM,FN) is a quasi-
isomorphism, and
(ii) Ho(F ) : Ho(C)→ Ho(D) is an equivalence of categories.
Now given a Morita (A−B)−bimodule X , we have the functor
( )⊗AX : Mod(A)→ Mod(B).
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We want to see what happens when this is applied to h-Fin(A). One cannot hope to
get an equivalence of categories between h-Fin(A) and h-Fin(B) because anything
in the image of ( )⊗AX is essential, while there are h-finite complexes that are
not essential (such as those in example 4.8). However, X does induce a quasi-
equivalence (see Theorem 4.15). Typically one is only interested in the quasi-
equivalence type of a dg-category anyway, so this is a satisfactory result. On the
other hand, a Morita bimodule is more than one needs to get a quasi-equivalence,
which motivates the following useful notion:
Definition 4.14. A complex of (A−B)−bimodules X• is a homotopy-Morita
bimodule (or h-Morita bimodule) if there is a dual (B−A)−bimodule Y • and
homotopy equivalences
A ≈ X•⊗BY • and B ≈ Y •⊗AX•.
Theorem 4.15. Let X• be an h-Morita (A−B)−bimodule. Then when A and B
are quasi-unital X• induces a dgb-quasi-equivalence
( )⊗AX• : h-Fin(A)→ h-Fin(B)
Proof. Let Y • be the dual module forX•,M• ∈ h-Fin(A), and setN• := M•⊗AX•.
We have a commutative diagram analogous to the diagram of Proposition 4.4,
M•⊗AX•⊗BY •⊗ALA•(M,A+) //

M•⊗ALA•(M,A+) // LA•(M,M)

N•⊗BY •⊗ALB•(N,A+⊗AX) // N•⊗BLB•(N,B) // LB•(N,N)
only this time it is a diagram of chain complexes and chain morphisms and the
top arrows are homotopy equivalences instead of isomorphisms. This implies that
the identity 1N ∈ LB•(N,N) is homotopy equivalent to a map f coming from
M•⊗AX•⊗BY •⊗ALA•(M,A+). Then by commutativity of the diagram, f factors
though N•⊗BLB•(N,B). By Corollary 4.13, N• is h-finite. Thus X takes h-finites
to h-finites, and the reverse map induced by Y is a quasi-inverse. 
5. The homotopy nuclear perfect category
Having described a workable replacement for the finitely generated projective
modules over a nonunital bornological algebra, that is the h-finite complexes, we
can finally return to nonunital curved dga’s and their modules. These modules will
be the analogue of objects of the dg-category PA over a unital curved dga as defined
in [Bl1], now adapted to the nonunital bornological setting. They will describe, for
example, modules over the twisted De Rham and Dolbeault dga’s.
From now on all algebras and modules will be assumed bornological and all
maps between them will be bounded maps. For the sake of brevity, however, we
will usually not mention the word bornological anymore.
Definition 5.1. A bornological curved dga is a triple A = (A•, d, c), where
A• is a quasi-unital multiplicatively convex graded bornological algebra and
d : A• → A•+1
is a bounded map satisfying
(i) d(ab) = d(a)b + (−1)|a|ad(b)
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(ii) d2(a) = [c, a]; c ∈M(A)2
(iii) dc = 0.
Here M(A)• is the multiplier algebra of A•. The derivation d is defined on M(A)•
by the formula (dc)a := d(ca)−cda for a ∈ A•. As usual, we write A for the degree
zero component A0. If condition (iii) is not satisfied we call A a really curved
bornological dga.
The tensor product of two curved dga’s is
A⊗B := (A•⊗B•, dA⊗1 + 1⊗dB, cA⊗1 + 1⊗cB)
and the opposite of a curved dga is
A
op := (A•op, dA,−cA).
A morphism between two curved dga’s A = (A•, dA, cA) and B = (B•, dB, cB) is
a pair (f, ω) where f : A• → B• is a morphism of graded algebras, ω ∈M(B)1, and
the pair satisfies
(i) f(dAa) = dB(f(a)) + [ω, f(a)]
(ii) f(cA) = cB + dB(ω) + ω
2 ∈M(B)2.
Definition 5.2. A (right) module over a curved dga A is a pair E = (E•, dE)
in which E• is a complex of essential right A-modules and dE is a Z-connection.
A Z-connection is a k-linear map
dE : E•⊗AA• → E•⊗AA•
of total degree one, satisfying
(i) dE(e⊗Aω) = dE(e)ω + (−1)|e|e⊗Adω
(ii) dE ◦ dE(e⊗Aa) = −e⊗Aac
Condition (ii) expresses the requirement that E have curvature c; the minus sign
occurs because we are dealing with right modules.
Note that dE is determined by its values on E•, and decomposes as a sum
dE =
∑
k≥0 d
E
k where
dEk : E
• → E•+1−k⊗AAk
and the dEk are A•−linear for all k 6= 1. Because (dE0 )2 = 0, (E•, dE0 ) is a chain com-
plex over A. For any such module E, the script font E will denote the A•−module
E• := tot(E•⊗AA•).
The morphisms between two A -modules E = (E•, dE) and F = (F •, dF ) is the
complex of A•-(graded)-linear maps from E to F ,
Homq
A
(E,F ) = LA•q(E ,F) := {φ ∈ L(E•,F•+q) | φ(ea) = φ(e)a, a ∈ A•}
with the differential dEF defined in the standard way,
dEF (φ)(e) = dF (φ(e)) − (−1)|φ|φ(dEe).
The curvings on E and F cancel each other so dEF does indeed square to zero.
These modules and their morphism complexes form a dgb-category, which we denote
Mod(A ).
In any dg-category, two morphisms
f, g ∈ Hom(E,F )
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are called homotopic when they are closed and their difference is a boundary. Then
the two objects E and F are called homotopy equivalent when there are closed
degree zero morphisms
f : E ⇄ F : g
that are mutual inverses up to homotopy.
So even though the objects of Mod(A ) are not complexes, homotopy equivalence
makes sense. Every object of Mod(A ) does have an underlying chain complex,
however. The following lemma implies that whenever two objects are homotopy
equivalent in Mod(A ), then their underlying complexes are homotopy equivalent
in Ch(A).
Lemma 5.3. Let U : Mod(A ) −→ Ch(A) be the “underlying chain complex” func-
tor which sends an A -module (E•, dE) to the chain complex of A-modules (E•, dE0 ),
and sends a morphism φ ∈ Homk(E,F ), which is determined by its components
φj : E
•−j → F •+k⊗Aj ,
to φ0 : E
• → F •. Then U is a dgb-functor.
Proof. This is fairly obvious, but let us check that Hom•(E,F )→ Hom•(U(E), U(F ))
is a chain morphism, meaning that for φ ∈ Homk(E,F ), d(φ0) = (dφ)0:
d(φ0) := d
F
0 ◦ φ0 − (−1)kφ0 ◦ dE0 = (dF ◦ φ− (−1)kφ ◦ dE)0 = (dφ)0.

Corollary 5.4. A homotopy equivalence in Mod(A ) induces a homotopy equiva-
lence of the underlying complexes of A-modules.

We can now define h-finite objects in Mod(A ).
Definition 5.5. An A -module (E•, dE) is called h-nuclear if its underlying com-
plex is homotopy equivalent to a complex ofA−modules P = (P •, dP ) with each P k
finitely generated projective, or equivalently if the underlying complex of (E•, dE)
is h-nuclear in Ch(A).
One might think it is more convenient to work with A -modules whose underlying
complex is just h-finite, that is we might try to relax the essentialness condition
to homotopy essentialness. But for non-essential modules there are some technical
difficulties that arise. For example one would then have to be careful to define
the Z-connection on E• rather than the space E•⊗AA. To avoid such issues we
always require that modules be essential. Remember our convention is that all
chain complexes are bounded in grading degree.
Definition 5.6. Let A be a bornological curved dga. The homotopy-perfect
category (or h-perfect category) over A is the full sub-dgb-category
hPA ⊂ Mod(A )
of h-nuclear A−modules.
The h-perfect category always contains as a full subcategory the perfect cate-
gory PA whose objects are the finite A -modules, that is those (E•, dE) for which
each Ek is essential and finitely generated projective over A.
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The following lemma implies that whenever A• is unital, the inclusion PA →֒
hPA is a dgb-quasi-equivalence, so we have defined an honest generalization to the
nonunital case of the perfect category.
Lemma 5.7. [Bl1] Let A be a unital curved dga, and E ∈ Mod(A ). Suppose the
underlying complex (E•, dE0 ) of E is homotopy equivalent to a complex (P
•, d) that
is bounded in grading degree and with each P k a finitely generated projective A-
module. Then (P •, d) can be extended to an A -module (P •, dP ) which is homotopy
equivalent in Mod(A ) to E and such that d = dP0 .
The next goal is to define the bimodules that induce morphisms between curved
dga’s (or their associated h-perfect categories), and to single out a class of equiva-
lence bimodules that induce equivalences of h-perfect categories.
Definition 5.8. Given a pair (A ,B) of curved dga’s, an (A -B)-twisted bi-
module X = (X•, dX) is a graded right essential B-module X• equipped with the
following structure:
(1) A left action of A• on X•⊗BB• satisfying
(i) a · (x⊗ b1b2) = (a · (x⊗ b1)) · b2 .
(2) A degree one map dX : X•⊗BB• → X•⊗BB• satisfying
(i) dX(a · (x⊗ b1)b2) = dAa · (x⊗ b1b2) + (−1)|a|a · dX(x⊗ b1)b2
+(−1)|a(x⊗b1)|a · (x⊗ b1)dBb2
(ii) dX ◦ dX(x⊗ b) = cA · (x⊗ b)− (x⊗ b) · cB
for a ∈ A•, x ∈ X• and b1, b2 ∈ B•.
Note that (A, dA) is an (A -A )-twisted bimodule.
Twisted bimodules are designed to be the Morita type morphisms, in the sense
that an (A -B)-twisted bimodule X induces a dg-functor
X∗ : Mod(A ) −→ Mod(B)
defined by
(E•, dE) 7−→ (E•⊗AX•, dE#dX)
where dE#dX(e⊗ x) := dE(e) · x+ (−1)|e|e⊗ dX(x), and here · denotes the action
of A• on X•⊗BB•.
On homs, the functor is just φ 7→ φ ⊗B 1X , and one checks directly that this is
a morphism of complexes, so that X∗ is indeed a dg-functor.
Now for the equivalences.
Definition 5.9. An h-Morita equivalence twisted bimodule is a twisted
(A -B)-bimodule (X•, dX) such that there exists a dual (B-A )-twisted bimodule
(Y •, dY ) and homotopy equivalences
X•⊗BY • ≈ A and Y •⊗AX• ≈ B.
By homotopy equivalence, we mean that for every (E, dE) ∈ Mod(A ), the objects
Y∗ ◦ X∗(E•, dE) and A∗(E•, dE) are homotopy equivalent in Mod(A ) in a func-
torial way. When there exists such a bimodule we say A and B are h-Morita
equivalent.
We call (X•, dX) a Morita equivalence twisted bimodule (without the h)
when homotopy equivalence is replaced by isomorphism, and in this case the two
curved dga’s are called Morita equivalent.
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In practice, it will be seen that nontrivial dualities (such as those between non-
commutative tori and gerbes on dual-tori) are implemented by h-Morita bimodules,
while the more restrictive Morita bimodules implement “changes of presentation”
(see Section 7) in a sense analogous to a change of groupoid presentation of a stack.
Now we will state and prove our main theorem.
Theorem 5.10. Let A and B be curved dga’s and X an h-Morita equivalence
twisted bimodule. Then X∗ takes hPA into hPB and is a dgb-quasi-equivalence.
Proof. Let M ∈ hPA be given. First note that X is an essential B-module so
X∗(M) is as well. Now, by definition, the underlying complex U(M) of M is an
h-nuclear complex of A-modules. Thus the proof of Theorem 4.15 applied to U(M)
and U(X∗(M)) = U(X)∗(U(M)) shows that the underlying complex of X∗(M) is
h-nuclear.
We just showed that the image ofX∗ does indeed consist of h-nuclear B-modules.
It follows immediately from the definition of h-Morita equivalence that X∗ : hPA →
hPB is a quasi-equivalence of dgb-categories. 
6. Bornological properties of twisted Dolbeault and de Rham
algebras
Now that the definition and first properties of the h-perfect category of a nonuni-
tal curved dga have been defined, we return attention to gerbes with connection.
In this section we will show that they fit into the framework of h-perfect cate-
gories. More precisely, in this section we construct bornologies on algebras such as
the convolution algebra C∞c (G) of a groupoid and the twisted de Rham and Dol-
beault algebras of Section 2. We show that the resulting bornological algebras are
complete, quasi-unital, and multiplicatively convex. Lastly, we show that groupoid
Morita equivalences induce Morita equivalences of smooth convolution algebras.
The bornology on C∞c (G;σ). Let G be a Lie groupoid with smooth 2-cocycle σ :
G2 → U(1). As a vector space, C∞c (G;σ) is just the smooth compactly supported
functions on the manifold G1, so we endow it with the LF-space structure given by
Equation (6.1). For the bornology on C∞c (G;σ) we take the precompact bornology
associated to the LF-space.
There are Lie groupoids for which this bornology is not multiplicatively convex
(see Remark 6). However, in the case that G is proper and e´tale we will be able to
choose the seminorms for the LF-structure for C∞c (G;σ) in a special way so that
multiplicative convexity can be shown to hold. Let us describe the method here.
Assume G is proper and e´tale. If K is a compact subset of G0, then properness
ensures that the subgroupoid GKK := (s×t)−1(K×K) is itself compact. Then the set
C∞K (G;σ) of functions in C∞c (G;σ) with support in GKK actually forms a subalgebra.
We endow C∞K (G;σ) with a Fre´chet structure in the following way. First, choose a
finite collection of vector fields on the manifold G1 which span the tangent bundle
of a neighborhood of GKK in G. If X is a vector field in this collection, then add
to the collection the vector field ι∗X , whose flow is the inverse (groupoid inverse)
of the flow associated to X . Then use this resulting collection {Yi} to define the
seminorms
(6.1) ρKn (a) :=
∑
|I|≤n
sup
g∈GK
K
|YIa(g)| for a ∈ C∞c (G;σ)
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where I = (i1 . . . ik) denotes a multi-index of length |I| = k and YI := Yi1 ◦ · · ·◦Yik .
The point of adding the “inverse” vector fields is that each ρKn is invariant under the
algebra involution a 7→ a∗(g) := σ(g, g−1)a(g−1). This is a Fre´chet space and will
be shown in the proof of Theorem 6.1 to be an admissible Fre´chet algebra. Then
exhausting G0 by compactsKn induces an exhaustion of G by compact subgroupoids
GKnKn and allows us to write C∞c (G;σ) as a limit of admissible Fre´chet algebras. This
implies, according to Lemma 3.5, that C∞c (G;σ) with its precompact bornology is
multiplicatively convex.
Of course the LF structure on C∞c (G;σ) is independent of the choice of exhaus-
tion of G1 by compact subsets; the special choices were just a tool for the proof.
The bornology on twisted de Rham and Dolbeault algebras Let G be a proper e´tale
groupoid and let A (G, (σ, θ, B)) = (A•, d, c) be a twisted de Rham dga. Recall that
A• := Γ∞c (G, σ; t∗(∧•T ∗G0,C)) so A := A0 = C∞c (G;σ). We define the bornology on
A• as follows. Choose a smooth family || · || of Banach algebra norms on ∧•T ∗G (such
norms exist since this is a bundle of finite dimensional algebras), then say S ⊂ A•
is bounded if ||S|| ⊂ C∞c (G) is bounded. The resulting bornology does not depend
on the norm. This follows easily from two facts. The first is that any two norms,
when restricted to a compact subset K ⊂ G, are uniformly equivalent (in the sense
that there are positive constants C and D such that C|| · ||1 ≤ || · ||2 ≤ D|| · ||1 over
K). The second is that a bounded subset of A• (with respect to either norm) must
consist of functions whose combined support lies in some compact set (since that
is the case for C∞c (G;σ)). Note that this bornology is precisely the precompact
bornology associated to the obvious LF-space structure on A•. The bornology for
a twisted Dolbeault algebra is defined in exactly the same way.
Theorem 6.1. Let A (G, (σ, θ, B)) = (A•, d, c) be a twisted Dolbeault or de Rham
dga associated to a gerbe with connection, as in Definition 2.5 or 2.3. Suppose that
G is proper. Then A and A• have natural bornological algebra structures for which
the following properties hold:
(1) The bornology only depends on G, not on (σ, θ, B).
(2) A is a bornological subalgebra of A• and A• is an essential A-module.
(3) A and A• are complete, convex, quasi-unital, multiplicatively convex bornolog-
ical *-algebras.
Proof. We prove the twisted de Rham dga case, the proof for the twisted Dolbeault
dga case is exactly the same.
The bornologies were described in the preceding paragraphs and by construc-
tion they only depend on the differentiable structure of the groupoid, so the first
statement is proved.
For the second statement, A is obviously a bornological subalgebra of A•, while
the essentialness follows because for any a ∈ A•, we can choose a φ ∈ C∞c (G;σ)
whose support supp(φ) lies in G0 and such that φ = 1 on t(supp(a)), and any such
function satisfies φ ∗ a = a.
Now for the third statement. Convexity and completeness as bornological spaces
is automatic for A and A• because these properties hold for the precompact bornol-
ogy on any LF-space. Also, the involution is bounded since the seminorms of
Equation (6.1) are *-invariant.
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Suppose now that A is quasi-unital and multiplicatively convex. Then a splitting
of the multiplication map for A induces one for A• and an approximate identity
for A is also one for A•, so A• is quasi-unital. Also, if S is bounded in A• then
||S|| is bounded in A so some multiple λ||S|| is multiplicatively closed in A, so by
definition λS is multiplicatively closed in A•. Thus A• is multiplicatively convex.
It remains to show that A is quasi-unital and multiplicatively convex.
Quasi-unitality: Choose a locally finite sequence {φn} of smooth compactly sup-
ported functions on G0, satisfying
∑
φ2n(e) = 1 for all e ∈ G0. Then the left
A-module map
A ∋ f 7→
∑
fs∗φn⊗φn ∈ A+⊗A; fs∗φn(γ) := f(γ)φn(sγ)
is a splitting of the multiplication map, and f 7→ ∑φn⊗r∗φnf gives the right
A−module splitting. Furthermore, the sequence ek :=
∑
n<k φ
2
k, when viewed as a
function on G with support in G0, is an approximate identity. Note that the twisting
σ is irrelevant because the φn are supported on G0 and σ(η, τ) = 1 whenever either
η or τ is a unit.
Multiplicative convexity: First consider the case that σ = 1. For any compact set
the algebra CK(G) of continuous functions with support in GKK = (s× t)−1(K×K)
with sup-norm is a Banach algebra for the convolution multiplication. Since the
groupoid is e´tale, derivatives of functions can only be taken in the “horizontal” di-
rection. Consequently any vector field on G1 acts by derivations for the convolution
multiplication: X(a ∗ b) = X(a)b + aX(b). Then Puschnigg’s derivation lemma
([Pus] p.118) applies: some countable family {Xi} of vector fields has C∞K (G) as its
common domain of iterated applications thus C∞K (G) is an admissible Fre´chet alge-
bra. Exhausting G by compact subgroupoids, one exhibits A as a limit of admissible
Fre´chet algebras, so Lemma 3.5 implies that A with its precompact bornology is
multiplicatively convex.
To treat the case σ 6= 1, we want to show that C∞K (G) is an admissible Fre´chet
algebra even with the σ-twisted multiplication. Clearly this will finish the proof.
We would like to use the derivation lemma, but vector fields are no longer deriva-
tions for the twisted multiplication. Here the connection saves the day.
Define
X∇(a)γ := da(X)γ + θ(X)γaγ
then X∇ is no longer a vector field, but it is a (densely defined) derivation on the
Banach algebra CK(G;σ) with sup-norm. Applying the derivation lemma yields a
multiplicatively convex Fre´chet algebra B, which is the common domain of finite
iterations of X∇i ’s. If we can show that B = C
∞
K (G) we are done. We claim that
the families of seminorms induced by {Xi} and {X∇i } are mutually continuous with
respect to each other and thus do indeed define the same Fre´chet space. But one
can quickly check that
||X1 · · ·Xn(a)|| ≤
∑
I⊂{1,...n}
cI ||X∇I (a)||
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where the positive coefficients cI depend on the XI and θ and derivatives of those,
but not on a, and similarly,
||X∇1 · · ·X∇n (a)|| ≤
∑
I⊂{1,...n}
c˜I ||XI(a)||.
This finishes the proof. 
From now onwe always assume A (G, (σ, θ, B)) is equipped with the above
bornology.
Remark 6.2. The multiplicative convexity in Theorem 6.1 cannot be expected to
hold in general for the non-proper case. For example C∞c (R⇒ ∗) is not multiplica-
tively convex. To see this, choose any f ∈ C∞c (R ⇒ ∗), then the singleton {f} is
a precompact set, but its multiplicative closure cannot be precompact because the
sequence {fk}k=N,N+1,... does not have support in any compact set.
Corollary 6.3. Let (G, (σ, θ, B)) present a gerbe with connection on a proper e´tale
groupoid G or a gerbe with ∂-connection on a proper complex e´tale groupoid. Then
A (G, (σ, θ, B)) is a nonunital bornological really curved dga.
Proof. Everything has been shown in Theorem 6.1 except that the derivation is a
bornological map and that B ∈M(A•). These last facts are obvious. 
Now we want to show how the assignment (groupoid groupoid algebra) behaves
under Morita equivalence.
Theorem 6.4. Suppose two proper e´tale groupoids G and H are Morita equivalent
via a bimodule P . Then we have C∞c (H) ≃ C∞c (P )⊗C∞c (G)C∞c (P ). Thus C∞c (H) is
Morita equivalent to C∞c (G) via the bimodule C∞c (P ).
Proof. Recall that the bimodule structure on C∞c (P ) is induced by the groupoid
actions. For example given ξ ∈ C∞c (P ) and b ∈ C∞c (H), ξ · b(p) :=
∑
ξ(ph)b(h−1).
The map C∞c (P )⊗C∞c (P )→ C∞c (H) can be written as a pairing
〈 , 〉H : C∞c (P )⊗C∞c (P )→ C∞c (H)
ξ⊗η 7→ 〈ξ, η〉H(h) :=
∑
π(p)=rh
ξ(p)η(ph).
and there is also a C∞c (G)-valued pairing
G〈 , 〉 : C∞c (P )⊗C∞c (P )→ C∞c (G)
with the property that for every ξ, η, ζ ∈ C∞c (P ), the equation ξ ·〈η, ζ〉H = G〈ξ, η〉·ζ
holds. Of course 〈 , 〉H descends to the quotient C∞c (P )⊗C∞c (G)C∞c (P ). We’ll show
that the pairing is surjective and has an inverse which is well defined in the quotient.
Choose a locally finite cover {Ui}i=1,2,... of H0 for which the base map P π→ H0
has sections si : Ui → P . Then choose functions φi ∈ C∞c (H0) with support in Ui
such that
∑
i φi(x)
2 = 1 for x ∈ H0.
The sequence en :=
∑
i=1...n φ
2
i is an approximate identity (in the bornological
sense) for C∞c (H). Indeed, let S ⊂ C∞c (H) be bounded. Then S is a family of
functions whose combined support lies in a compact set. Since the cover {Ui} is
locally finite and K is compact, only finitely many of the {Ui} intersect K. Thus
the sequence {en} stabilizes on S, that is, there is an N ∈ N such that enf = f for
all f ∈ S and all n ≥ N .
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The same argument shows that if T ⊂ C∞c (P ) is a bounded set then there is an
N ∈ N such that enξ = ξ for all ξ ∈ T and all n ≥ N . We could say {en} is an
approximate identity for the action of C∞c (H) on C∞c (P ).
The {φi} induce smooth functions on P by the formula
φ˜i(p) :=
{
φ(πx) if si(πx) = p
0 otherwise.
One checks that en =
∑
i=1...n〈φ˜i, φ˜i〉H, so if a ∈ C∞c (H), we can write a =
limn→∞ ena. (This limit is also equal to eka for all k larger than some N , so there
is no question about convergence.) But then
a =
∑
i=1...∞
〈φ˜i, φ˜i〉Ha =
∑
i=1...∞
〈φ˜i, φ˜ia〉H
so the pairing is surjective. But in fact, for ξ, η ∈ C∞c (P ) we have
ξ⊗η = lim
n→∞
(enξ)⊗η =
∑
〈φ˜i, φ˜i〉Hξ⊗η =
∑
φ˜i G〈φ˜i, ξ〉⊗η.
But in C∞c (P )⊗C∞c (G)C∞c (P ) this last expression is
=
∑
φ˜i⊗ G〈φ˜i, ξ〉η =
∑
φ˜i⊗φ˜i〈ξ, η〉H.
This means that the assignment
C∞c (H) ∋ a→
∑
i=1...∞
φ˜i⊗φ˜ia ∈ C∞c (P )⊗C∞c (G)C∞c (P )
is an inverse to the pairing.
We still need to show that the pairing and its inverse are bounded. Well, if
the pairing is a continuous map for the LF-topologies, then it is bounded for the
precompact bornology, and it is indeed continuous because the properness of the
G-action on P ×G0 P implies that for F ∈ C∞c (P ×G0 P ), the sum induced by
the pairing 〈F 〉H(h) =
∑
g F (gp, gph) is always finite, in fact uniformly finite on a
neighborhood of h ∈ H.
For the inverse, let S ⊂ C∞c (H) be bounded. Then there is anN such that the in-
verse image of S is (
∑
i=1...N φ˜i⊗φ˜i)S. This is a bounded set in
C∞c (P )⊗C∞c (G)C∞c (P ) because the right action of Cc(H) is bounded. 
There is also a twisted version of Theorem 6.4. It is the special case of Theorem
7.2. In the notation of that theorem, it is the case in which ωG = (σG , 0, 0) and ωH =
(σH, 0, 0) and ψ = (αG , αH, 0), and it implies C
∞
c (P ) is a C
∞
c (G;σG)-C∞c (H;σH)-
Morita equivalence bimodule (though not with the same bimodule structure).
7. Three levels of equivalence
In this section we study a hierarchy of equivalences between curved dga’s as it
applies to twisted Dolbeault and de Rham algebras. The strongest form of equiva-
lence between two curved dga’s is of course isomorphism, the next is the equivalence
induced by a Morita equivalence twisted bimodule, and the weakest (yet most inter-
esting) is the quasi-equivalence of associated h-perfect categories which is induced
by an h-Morita twisted bimodule. For twisted Dolbeault and de Rham algebras,
which are defined via certain 2-cocycles, we show that cohomologous cocycles de-
termine isomorphic curved dga’s. Next, we describe a way to compare 2-cocycles on
Morita equivalent groupoids and show that when the cocycles are “cohomologous”
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with respect to this comparison, there is a natural Morita equivalence twisted bi-
module over the curved dga’s. Thus the Morita equivalence class of these dga’s only
depends on the image of the 2-cocycle in stack cohomology, so the dga’s can indeed
be regarded as presenting (stack theoretic) gerbes with connection. The third type
of equivalence in this setting can be interpreted as Mukai duality for gerbes with
connection. In Section 8 we take up a specific example of this, showing that any
flat gerbe on a torus is dual to a noncommutative complex dual-torus.
7.1. The isomorphism corresponding to gauge transformation.
Proposition 7.1. Let G be an e´tale groupoid (either smooth or complex ). Then two
twisted de Rham or Dolbeault dga’s, A (G, (σ′, θ′, B′)) = (A•1, d1, c1) and A (G, (σ, θ, B)) =
(A•2, d2, c2), are isomorphic as curved dga’s (see Definition 5.1 ) whenever the 2-
cocycles (σ′, θ′, B′) and (σ, θ, B) are cohomologous.
Proof. We will prove the smooth version, the proof for the complex version is iden-
tical. Choose a Cˇech-Deligne 1-cocycle (α, β) ∈ C1(G;D) such that
(σ′, θ′, B′) = (σ, θ, B) +D(α, β) ≡ (δασ, dlogα− δβ + θ, dDRβ +B)
We ll show that the map
Mα : A•1 → A•2, Mα(f)(γ) := α(γ)f(γ)
is an isomorphism of graded algebras and that the pair (Mα, β) is a morphism of
curved dga’s.
First, multiplication by α is an isomorphism of bornological vector spaces since
it takes values in U(1). Next we verify that Mα intertwines the multiplications:
Mα(f ∗1 g)(γ) = α(γ)
∑
ητ=γ
δασ(η, τ)f(η) ∧ g(τ)
=
∑
ητ=γ
α(ητ)δα(η, τ)σ(η, τ)f(η) ∧ g(τ)
=
∑
ητ=γ
α(η)α(τ)σ(η, τ)f(η) ∧ g(τ)
=
∑
ητ=γ
σ(η, τ)α(η)f(η) ∧ α(τ)g(τ)
= (Mα(f) ∗2 Mα(g))(γ)
Where we use in the third line that α(ητ)δα(η, τ) = α(η)α(τ).
Now we check compatibility with differentials:
Mα(d1f)(γ) = α(γ){dDRf(γ) + dlog(α)(γ) ∧ f(γ) + θ(γ)f(γ)− δβ(γ) ∧ f(γ)}
Expanding and using dlogα = α−1dDRα and the Leibnitz rule for dDR, this becomes
Mα(d1f)(γ) = d
DR(αf)(γ) + θ(γ) ∧ αf(γ)− δβ(γ) ∧ f(γ)
= d2(αf)(γ)− δβ(γ) ∧ αf(γ)
= d2(αf)(γ)− (β(sγ)− (β(rγ)) ∧ αf(γ)
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and remembering that β vanishes off of units so (β(rγ)) ∧ f(γ) = (β ∗ f)(γ), gives
= d2(αf)(γ) + β ∗ αf(γ)− (−1)fαf ∗ β
= d2(Mαf)(γ) + [β,Mαf ](γ)
as desired.
The facts that α ≡ 1 on units, θ vanishes on units, and β vanishes off of units yield
θ ∧ β = 0, β ∧ β = 0 and finally
Mα(h+ d
DRβ)(γ) = h(γ) + dDRβ(γ) = h(γ) + dDRβ(γ) + θ ∧ β + β2
which is the second condition for a morphism of curved dga’s. 
7.2. The Morita equivalence from change of gerbe presentation.
Now we want a way to compare twisted Dolbeault or de Rham dga’s presented
over different but Morita equivalent groupoids. The need for some sort of compar-
ison is clear because Morita equivalent groupoids essentially determine the same
stack, and one should be able to say when two gerbes with connection over the
same stack are equivalent. For notational convenience the constructions in this sec-
tion are made for e´tale groupoids and the associated twisted de Rham dga’s, but
they are also valid for complex e´tale groupoids and the associated twisted Dolbeault
dga’s.
The comparison works as follows. A groupoid Morita equivalence bimodule
relating two groupoids G and H gives rise to a canonical bi-simplicial manifold
which maps to the simplicial manifolds BG• and BH•. This induces maps from
the groupoid cohomology of G and H to some cohomology groups associated to
the bi-simplicial manifold, and thus gives a way to compare the cohomology of G
with that of H. Now twisted de Rham and Dolbeault dga’s are given by certain 2-
cocycles, and we will show that when a pair of such 2-cocycles on Morita equivalent
groupoids have cohomologous images under these maps, the associated twisted de
Rham or Deligne dga’s are Morita equivalent as curved dga’s.
To get started, let us fix some terminology regarding Morita equivalence of
groupoids. We will mostly use the notation developed in [C], which has more
detailed descriptions of Morita equivalence as it relates to cohomology. Let G ⇒ G0
and H⇒ H0 be e´tale groupoids. A left G-space is a space over G0, P ε→ G0, with
an action G ×G0 P → P . A left G-bundle over a base B is a G-space P together
with a surjective submersion π : P → B which is G-invariant in the sense that
π(gp) = π(p). The G-bundle P is called principal if the map
G ×s P −→ P ×π P ; (g, p) 7→ (gp, p)
is an isomorphism. Right H-spaces and H-bundles and principality are analogous.
A G−H Morita equivalence bimodule (sometimes called a principal bi-bundle)
is a space P which is simultaneously a principal left G bundle over the base X = H0
and a principal right H-bundle over the base Y = G0.
Write BG• for the simplicial nerve of G. This is the simplicial manifold whose kth
piece is Gk. If P is a Morita equivalence bimodule, then it determines a bi-simplicial
manifold
BPk,l = Gk ×G0 P ×H0 Hl.
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The two collections of boundary maps on BP•• come from the boundary maps for
BG• and BH•. The two obvious augmentations
BPk,0 → BGk and BP0,l → BHl
induce morphisms of complexes
(7.1) C(H;D)→ C(P ;D)← C(G;D)
Here D denotes the Deligne complex (Definition 2.1):
(D0 d
Del
−→ D1 d
Del
−→ D2) = (U(1) dlog−→ 2π√−1A1 d
DR
−→ 2π√−1A2),
C(G;D) and C(H;D) are the Cˇech-Deligne bi-complexes defined in Section 2.2,
that is they are the complexes induced by the differential on D and the simplicial
boundary maps of BG• and BH•. Then C(P ;D) is the tricomplex one gets from
the differential on D and the two simplicial boundary maps on BP••. The three
differentials on C(P ;D) will be used, so let us write them out explicitly:
Cklm = Cklm(P ;D) := Γ(Gk ×G0 P ×H0 Hl;Dm)
The three differentials are:

dDel : Cklm → Ck,l,m+1
δG : C
klm → Ck+1,l,m
δH : C
klm → Ck,l+1,m
where for f ∈ Cklm,
δGf(g1, . . . , gk+1, p, h
′s) := f(g2, . . . , gk+1, p, h
′s)
+
∑
i=1...k
(−1)if(. . . , gigi+1, . . . , p, h′s) + (−1)k+1f(g1, . . . , gk, gk+1p, h′s)
δHf(g
′s, p, h1, . . . , hl+1) := f(g
′s, ph1, h2, . . . , hl+1)
+
∑
i=1...l
(−1)if(g′s, p, . . . , hihi+1, . . . ) + (−1)l+1f(g′s, p, h1, . . . , hl).
The total differential on tot(C(P ;D)) is given by
DP :=
∑
DP |Cklm where DP |Cklm := dDel + (−1)m((−1)lδG + δH).
One should remember though, that the minus signs in the formula for DP means
inverse for the U(1)-component of the Deligne complex.
Let A (G;ωG) and A (H;ωH) be twisted de Rham dga’s corresponding to Cˇech-
Deligne 2-cocycles ωG and ωH. Now suppose the images ω˜G , and ω˜H under the
coaugmentations (7.1) are cohomologous, that is, there is some ψ ∈ totC(P ;D)1
satisfying DPψ = ω˜G− ω˜H. Then from this data we can define a twisted A (G;ωG)-
A (H;ωH)-bimodule which induces a Morita equivalence of curved dga’s.
Theorem 7.2. Suppose (G, ωG) and (H, ωH) are a pair of proper e´tale groupoids
with Deligne 2-cocycle and we are given a pair of data (P, ψ), where P is a G −H-
Morita equivalence bimodule and ψ ∈ totC(P ;D)1 satisfies DPψ = ω˜H− ω˜G. Then
there is a twisted A (G;ωG)-A (H;ωH)-bimodule associated to (P, ψ) which induces
a Morita equivalence of curved dga’s.
Corollary 7.3. The dgb-categories hPA (G, ωG) and hPA (H, ωH) are quasi-equivalent.

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Proof. (of Theorem) By definition, the cochain ψ takes the form of a triple which
we write
ψ = (ω, αG , (αH)
−1) ∈ C010 × C001 × C100
The twisted de Rham dga’s at hand are
A (G;ωG) = (A•1, d1, c1) and A (H;ωH) = (A•2, d2, c2)
The A (G;ωG)-A (H;ωH)-twisted bimodule is X = X(P, ψ) = (C∞c (P ),∇) (here
C∞c (P ) is a complex supported in degree zero) with the actions and ∇ defined as
follows:
For p ∈ P, ξ ∈ C∞c (P ), h ∈ H, g ∈ G, a′s ∈ A•1, f ∈ A2, and b′s ∈ A•2, set
∇ξ(p) = dDRξ(p) + ω(p)ξ(p) ∈ C∞c (P )⊗A2 A•2(7.2)
ξ · f(p) =
∑
ξ(ph−1)αH(ph
−1, h)f(h) ∈ C∞c (P )(7.3)
a · ξ(p) =
∑
a(g)αG(g, g
−1p)ξ(g−1p) ∈ C∞c (P )⊗A2 A•2(7.4)
In these formulas we are tacitly identifying differential forms on P with elements
of C∞c (P ) ⊗A2 A•2. Now we want to compare ωG with ωH in C(P ;D). So write
ωG = (σG , θG , BG) ∈ C2(G;D) and ωH = (σH, θG , BH) ∈ C2(H;D). Then by
definition,
ω˜G − ω˜H = ( σ˜G , σ˜H−1, θ˜G ,− θ˜H, B˜G − B˜H, 1)
∈D200×D020×D101×D011×D002×D110
while by definition of the differential on tot(C(P ;D),
DPψ = ( δGαG , δHα
−1
H , dlogαG − δGω, dlog(α−1H )− δHω, dDRω, δHαG(δGα−1H )−1)
Then the equation DPψ = ω˜G− ω˜H breaks up into six equations that conspire to
make the properties of a twisted bimodule hold for X(P, ψ). In the left column we
put the equation, and in the right column we put the resulting bimodule property
(from Definition 5.8) that is enforced.
δHαH = σ˜H ⇐⇒ (ξ · b1) · b2 = ξ · (b1b2)
δGαG = σ˜G ⇐⇒ (a1a2) · ξ = a1 · (a2 · ξ)
dDRαH = αH(θ˜H − δHω) ⇐⇒ ∇(ξ ⊗ b) = ∇ξ ∗ ·b+ ξ ⊗ d2b
dDRαG = αG(θ˜G + δGω) ⇐⇒ ∇(a · ξ) = (d1a) · ξ + (−1)aa · ∇ξ
δHα
GδGα
H = 1 ⇐⇒ a · (ξ · b) = (a · ξ) · b
dDRω = B˜G − B˜H ⇐⇒ ∇ ◦∇(ξ ⊗ a) = BG · (ξ ⊗ a)− (ξ ⊗ a) ·BH
To see that this twisted bimodule is a Morita equivalence, we just need to show that
C∞c (P ) is a C
∞
c (G;σG)-C∞c (H;σH)-Morita equivalence bimodule. The bimodule
structure is given by Equation (7.3) and Equation (7.4) restricted to a ∈ A02 =
C∞c (H;σH). The isomorphism
(7.5) C∞c (P )⊗C∞c (G;σG)C∞c (P ) −→ C∞c (H)
is induced from the pairing
C∞c (P )× C∞c (P ) −→ C∞c (H); 〈ξ, η〉H(h) :=
∑
p
ξ(p)αH(p, h)η(ph).
There is an analogous pairing G〈ξ, η〉(g) :=
∑
p ξ(gp)αG(g, p)η(p). Now the proof
that 7.5 is an isomorphism is identical to the proof of Theorem 6.4 (which was
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the case σG = σH = 1) if we substitute in the modified bimodule structures and
modified pairings. In particular, the approximate identities that are used in the
proof work without modification since they are supported on units and our modified
structures reduce to the old ones on units. 
7.3. Duality.
Let A and B be bornological curved dga’s. Then the existence of an h-Morita
equivalence twisted bimodule (which will induce a quasi-equivalence of h-perfect
categories hPA ≃ hPB) can be taken as a definition of duality between A and B.
Note that this type of equivalence is strictly weaker than the equivalence from
change of presentation of a gerbe with connection, which is implemented by a Morita
equivalence twisted bimodule (without the “h”).
7.4. A remark.
The content of Theorem 7.2 is that a gerbe with connection is a concept native
to e´tale stacks, that is, to Morita equivalence classes of e´tale groupoids. Indeed, the
bimodule P is an equivalence of groupoids and we saw that when a pair of 2-cocycles
are cohomologous in the complex associated to P they are different presentations
of the same gerbe with connection.
If the manifolds Gk and Hk k = 0, 1, 2... are acyclic for each sheaf that appears in
the 2-truncated Deligne complex (that is the sheaves U(1), A1, and A2), then the
inclusions of complexes 7.1 are quasi-isomorphisms and the groupoid cohomology
of either groupoid is the stack cohomology as in [Beh], and the 2-cocycles are
representatives of the same cohomology class on the stack BG ≃ BH. In any case,
Cˇech-groupoid cohomology maps to stack cohomology, so at worst there may be
pairs of groupoid presentations of gerbes with connection which do not appear to
be Morita equivalent but for which the associated (stack theoretic) gerbes with
connection are equivalent.
So for us good groupoids are those for which the manifolds Gk, k = 0, 1.2... are
acyclic for the components of the Deligne complex, and it is for such groupoids that
a gerbe with connection is really determined by a 2-cocycle in stack cohomology
(with coefficients in the Deligne complex). The question of whether every e´tale
groupoid admits a good refinement is still open to us, but every Cˇech groupoid
does since every such groupoid can be refined to a Cˇech groupoid on a good cover,
and for Cˇech groupoids on good covers Gk is a contractible manifold for each k, and
contractible manifolds are acyclic for any sheaf of abelian groups (see, for example,
[KS]).
8. T-duality between gerbes and noncommutative tori
In this section we will prove the T-duality between a flat gerbe on a holomorphic
torus and a holomorphic noncommutative dual torus. The first step will be to
prove that every gerbe with flat connection on a manifold can be presented by a
commutative curved dga. After that is done we will recall the construction from
[Bl2] of the curved dga associated to a holomorphic noncommutative torus, and
apply a previous result to quickly finish the T-duality theorem.
Theorem 8.1. Let G ⇒ G0 be a proper e´tale groupoid which is Morita equivalent
to a manifold X ⇒ X. Suppose [(σ, θ, B)] ∈ H2(G;D) satisfies dDRB = 0. Then:
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(1) The twisted de Rham dga A (G, (σ, θ, B)) is Morita equivalent to
A (X ⇒ X, (1, 0, B′)) for some B′ ∈ (A2X)closed.
(2) The twisted de Rham dga A (G, (σ, θ, B)) is Morita equivalent to
A (H, (σ′, 0, 0)) for some Cˇech groupoid H of X and locally constant 2-
cocycle σ′.
(3) The analogous statements for complex groupoids and twisted Dolbeault dga’s
are also true.
Proof. This proceeds in three steps. First, let {Ui} be a locally finite good cover
of G0 which is also a locally finite good cover of X (this makes sense because the
quotient map G0 → G0/G1 ≃ X is e´tale). Let H be the refinement of G induced by
this cover, that is
H :=
∐
〈i,j〉
(s−1Ui ∩ t−1Uj)⇒
∐
i
Ui
where s and t are the source and target of G. Gluing together the cover induces
an obvious morphism φ : H → G, which is in fact an essential Morita equivalence.
Thus φ induces a map in cohomology and it is easy to verify (using Theorem 7.2)
that A (G, (σ, θ, B) and A (H, φ∗(σ, θ, B)) are Morita equivalent curved dga’s.
Since H0 is a cover of X , H is a Cˇech groupoid and its groupoid cohomology is
the same as Cˇech cohomology of the cover of X . Since the cover is good (i.e. all
intersections are contractible) and dDRB = 0, the usual tic-tac-toe argument can
be used to show that φ∗(σ, θ, B) ∈ Z2(H;D) is cohomologous to a cocycle of the
form (σ′, 0, 0). Thus A (H, φ∗(σ, θ, B)) and A (H, (σ′, 0, 0)) are isomorphic curved
dga’s and the second statement is proved.
The tic-tac-toe argument also can be used to show that φ∗(σ, θ, B) is coho-
mologous to a cocycle and of the form (1, 0, B′′), so that A (H, φ∗(σ, θ, B)) and
A (H, (1, 0, B′′)) are isomorphic curved dga’s.
Since the 2-form B′′ on H0 is δ-closed it is a pullback q∗B′ via the projection
q : H0 −→ H0/H1 = X of some closed differential 2-form on X . Now let P be a
Morita equivalence bimodule between H and X ⇒ X . Then necessarily P = H0,
and the equation q∗B′ = B′′ implies that the images of (1, 0, B′′) ∈ Z2(H;D) and
(1, 0, B′) ∈ Z2(X ⇒ X ;D) in the double complex C••(P ;D) are cohomologous
(see Section 7.2). Thus A (H, (1, 0, B′′)) and A (X ⇒ X, (1, 0, B′)) are Morita
equivalent as curved dga’s.
Then we have a chain of equivalences
A (G, (σ, θ, B)) ∼ A (H, φ∗(σ, θ, B)) ∼ A (H, (1, 0, B′′)) ∼ A (X ⇒ X, (1, 0, B′))
which proves the first statement. The same arguments works in the complex case.

It is interesting to see what the above theorem says about perfect categories.
Suppose X is a complex manifold and a cohomology class [(σ, θ, B)] ∈ H2(X ;D) is
given. Here D denotes the 2-truncated Dolbeault complex. We can present (σ, θ, B)
on a good cover of X , with associated Cˇech groupoid G. Then if ∂B = 0 there exist
σ′ and B′ such that A (G; (σ′, 0, 0) and A (X ⇒ X ; (1, 0, B′)) are Morita equivalent.
This implies that the associated perfect categories are equivalent. The first category
is made of complexes of twisted sheaves on G0 with ∂-flat connections. In other
words they are complexes of holomorphic twisted sheaves. The second category is
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made of complexes of C∞c (X)-modules with ∂-connection whose curving, B
′, is a
holomorphic (0, 2)-form on X .
Still no Mukai duality has appeared. Let us proceed to that now. Let X = V/Λ
be a complex torus. So V is a complex n-dimensional vector space and Λ is a lattice
subgroup isomorphic to Z2n. We will show that if [(σ, θ, B)] ∈ H2(X ;D) satisfies
∂B = 0, then A (X ⇒ X ; (σ, θ, B)) is Mukai dual (in the sense of Section 7.3) to
a curved dga corresponding to a noncommutative holomorphic dual torus. We will
denote this curved dga A (Λ ⇒ ∗;σ′), where σ′ is a U(1)-valued 2-cocycle on the
groupoid Λ⇒ ∗.
We recall the definition from (Section 3 [Bl2]) of this unital curved dga. Write
A (Λ;σ) := (A•, ∂, 0)
where A• := S(Λ;σ,∧•V1,0) is the σ-twisted convolution algebra of Schwartz func-
tions on Λ with coefficients in the exterior algebra of V1,0 (here V1,0 denotes the
+i-eigenspace of the complex structure operator on V⊗
R
C). Thus multiplication in
A• is given by
f ∗ g(λ) :=
∑
λ1+λ2=λ
f(λ1) ∧ g(λ2)σ(λ1, λ2).
The derivation ∂ is given by the formula
∂f(λ) := 2πif(λ)p1,0(λ) ∈ S(Λ;∧1V1,0) for f ∈ S(Λ).
Here p1,0 : V →֒ V⊗RC → V1,0 is induced by the complex structure on V . The
derivation is extended to A• according to the Leibnitz rule.
Note that when σ = 1 Fourier transform is an algebra isomorphism between
the degree zero component A and the smooth functions on the dual torus X∨ :=
Hom(Λ;U(1)) = V
∨
/Λ⊥. In fact, for the σ = 1 case this extends to an isomorphism
A• ≃ Γ∞(X∨;∧•T 0,1X∨) which takes ∂ to the usual differential on the Dolbeault
algebra of X∨.
We assume S(Λ) is equipped with the precompact bornology associated to its
usual Fre´chet structure. Thus S(λ) ⊂ C∗(Λ) is the domain of the iterated applica-
tions of the Fourier transform of “d/dxi” on C(X
∨), so it follows from Puschnigg’s
derivation lemma ([Pus]) and Lemma 3.5 that S(Λ) is a multiplicatively convex
bornological algebra. In fact these derivations are derivational for σ-twisted multi-
plication, so S(Λ;σ) ⊂ C∗red(Λ;σ) is multiplicatively convex by the same reasoning.
Thus A• = S(Λ;σ)⊗∧•V1,0 has a multiplicatively convex bornology as well, ex-
tended from the degree zero component by using the fine bornology on ∧•V1,0.
Now let B ∈ (A0,2X )const ≃ ∧2V 0,1 be a constant (0, 2)-form. The usual isomor-
phism V 0,1 → V takes B to R(B) := B + B ∈ ∧2V ∨. By restriction to Λ ⊂ V ,
R(B) may be viewed as a group 2-cocycle R(B) : ∧2Λ→ R. Define a U(1)-valued
cocycle by
σB : ∧2Λ→ U(1) σB(λ1, λ2) := e2πiR(B)(λ1,λ2).
Theorem 8.2. ([Bl2] Theorem 3.6) Let X = V/Λ be a complex torus with associ-
ated dual torus X∨. Then given B ∈ (Γ(X ;∧2T 0,1X ))const and σB ∈ Z2(Λ;U(1)) as
in the previous paragraph, there is an h-Morita equivalence
A (X ⇒ X ; (1, 0, 2πiB)) ∼ A (Λ;σB).
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It is worth noting that there are explicit h-Morita equivalence bimodules for this
equivalence which are based on deformed versions of smooth sections of a Poincare´
line bundle, so that in the untwisted case this reduces to (a dg-enhancement of)
the usual Poincare´ sheaf that implements T-duality in complex geometry.
Now combining Theorems 8.1 and 8.2 gives:
Theorem 8.3. (T-duality ) Let G be a proper complex e´tale groupoid that is Morita
equivalent to a complex torus X = V/Λ, and let [(σ′, θ′, B′)] ∈ H2(G;D) satisfy
∂B′ = 0. Then there is an h-Morita equivalence
A (G, (σ′, θ′, B′)) ∼ A (Λ;σB)
where (1, 0, 2πiB) ∈ Z2(X ⇒ X ;D) is cohomologous to (σ′, θ′, B′) ∈ Z2(G;D) in
the sense of Section 7.2.
The left side is a gerbe with ∂-flat connection on a torus and the right side is a
noncommutative holomorphic torus, and in the case B = 0 this reduces to complex
T-duality or Fourier-Mukai duality (the two dualities are related by the classical
Fourier transform S(Λ) ≃ C∞(X∨)). Consequently, there is a dg-quasiequivalence:
PA (flat gerbe on torus) ∼ PA (noncommutative dual torus).
This induces an equivalence of triangulated categories
HoPA (flat gerbe on torus) ≃ HoPA (noncommutative dual torus)
and reduces in the case B = 0 to an equivalence of triangulated categories
Dbcoh(X) ≃ HoPA (trivial gerbe on X) ≃ HoPA (commutative X∨) ≃ Dbcoh(X∨).
There are obvious generalizations of this to families of smooth tori, though we have
not yet considered cases with singular torus fibers.
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